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Abstract
The interaction of rolling tyres with road surfaces is one of the major contributions to road traffic noise. The
generation mechanisms of tyre/road noise are usually separated in structure borne and airborne noise. In
both mechanisms the contact zone is important. In order to reduce tyre/road noise at the source, accurate
(numerical) prediction models are needed. For accurate results, the tyre has to be modelled by a three-
dimensional finite element model, accounting for complex rubber material behaviour, tread profiles and a
detailed tyre construction. A dynamic analysis of a tyre in contact can then be carried out in the time domain.
The Structural Dynamics and Acoustics group of the University of Twente has developed an alternative
contact solver. The solver, in which the contact condition is always satisfied, is successfully applied to an
implicit and explicit three-dimensional finite element model. As a consequence there is no need for contact
elements or contact parameters. The finite element model is valid for large translations and rotations, in
which different material models and friction models can be added. This paper explains the solver for an
implicit and explicit scheme and presents some examples. In one of the examples a deformable rubber ring
is modelled, which is rolling on a rigid surface at a slip angle. The results are compared to the finite element
package Abaqus. The examples show the robustness and potential of the algorithm.
1 Introduction
In modern society, traffic noise has become an important issue for mental health. A significant contributor to
this noise pollution is tyre/road noise, which is caused by the interaction between tyre and road surface. The
noise generating mechanisms have been identified, although there is discussion on the relative importance
of these mechanisms. From experiments, it is known that spectra of tyre/road noise display a broad peak
somewhere in the range of 500–2000 Hz [13].
The calculation of tyre/road noise is usually performed by means of two separate steps. First the tyre vibra-
tions are calculated which serve then as an input for the sound radiation model. The numerical tyre vibration
models range from analytical models, where the tyre vibrations are modelled by means of a ring, shell or
plate [8], to numerical models based on finite elements [12]. The sound radiation can be based on analytical
multipole models [9] and numerical models based on finite elements or boundary elements. An alternative
group of tyre/road noise models are the statistical and hybrid models [10]. Since these models are empiri-
cally based, the accuracy is limited by the quality of the input data, and in a sense, is not predictive. This
paper will focus on the numerical tyre vibration models only.
Examples of tyre vibration models can be found in literature. Kropp, et al. [11, 21, 1] modelled the vibrations
of a multilayered plate using a three-dimensional nonlinear contact model. Nackenhorst, Brinkmeier, et al.
[12, 3] used the Arbitrary Lagrangian Eulerian (ALE) method and complex eigenfrequencies to model the
tyre vibrations. A recent overview on the use of finite elements of rolling tyres is given by Ghoreishy [6].
To quantitatively study the influence of the tyre on tyre/road noise, detailed finite element models are needed.
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Due to severe nonlinearities in contact, the problems can best be solved in the time domain. However, the
currently used finite element solvers are slow: the implicit solvers have to invert large matrices, while the
explicit solvers need very small time steps to preserve stability.
In the field of elasto-hydrodynamic lubrication, multigrid and multilevel techniques have been used exten-
sively to solve contact problems fast [17, 18]. A prerequisite of a contact solver for tyre/road noise is that
it has to be fast. At the Structural Dynamics and Acoustics group of the University of Twente an alternative
contact solver has been developed. The major advantage of the new solver is the possibility to use multigrid
methods to speed up the algorithm. A characteristic feature of the solver is that, while solving the set of equa-
tions, the contact condition, i.e. the condition that there is no overlap between the bodies, is satisfied exactly.
Hence, there is no need for contact elements, contact parameters, Lagrange multipliers, or regularization.
Moreover, the proposed contact solver is stable and robust.
In previous papers by the authors [19, 15, 14] the solver is explained and used in an implicit scheme which is
tested with two-dimensional numerical examples. In this paper the implicit scheme will be extended to 3-d,
adapted to include non-linear material behaviour, and made appropriate for large displacements and rotations.
Moreover the algorithm will be applied in an explicit solver. The outline of this paper is as follows. First
the theory of continuum mechanics will be given in section 2. Afterwards the numerical implementation is
discussed in section 3. The working of the solver is demonstrated with an application in section 4. Finally
conclusions will be drawn.
2 Theory of continuum mechanics
The tyre is considered as a homogeneous material, which can have anisotropic material behaviour. In this
section, the equation of motion is presented for general deformable bodies. The contact model considers the
contact between tyre and road more specifically. Since the stiffness of the road is much higher than the tyre
stiffness, the road is considered to be rigid.
2.1 Equation of motion
In the strong form the equation of motion reads:
∇ · σ + b = ρv˙, (1)
where σ is the symmetric Cauchy stress tensor, ρ the density, b the body forces and v the velocity. Con-
stitutive equations are needed to couple the Cauchy stress tensor and the density to the kinematics of the
deformation. Equation 1 can be multiplied by weight functions w and can be integrated over an arbitrary
volume Ω. The weight functions can be considered as virtual displacements which are admissible, i.e. they
do not violate compatibility or displacement boundary conditions. After rearrangement and application of
the divergence theorem, the so-called weak form is obtained:∫
Ω
w · ρv˙ dΩ +
∫
Ω
∇w : σ dΩ =
∫
Ω
w · b dΩ +
∫
Γ
w · t dΓ, (2)
where t = σ · n is the traction vector, n the outward unit normal vector and Γ the boundary surface. The
second term on the left hand side of equation 2 can be rewritten into the rate form [16]:∫
Ω
∇w : σ dΩ =
∫
Ω
w
←−∇ : σ dΩ =
∫
Ω
(
w
←−∇ : σ˙ −w←−∇ · v←−∇ : σ +w←−∇ : σ J˙
J
)
dΩ, (3)
in which J denotes the Jacobian or the volume ratio. Constitutive relations are still needed to get a relation
between strains and the global stress tensor σ and solve equation 2.
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Figure 1: The traction vector t working on surface Γ is decoupled into tN and tT .
2.2 Elastic material behaviour
Rubbers are usually modelled using hyperelastic material models. Contrary to Hooke’s law, the constitutive
relations are defined in terms of a stored energy density function W , also known as strain energy density. A
general material model for compressible hyperelastic materials is given by [16]:
σ =
g0
J
(J − 1)I+ g1
J
(B− I) + g2
J
(B−1 − I), (4)
which corresponds to a stored-energy function of
W =
g0
2
(J − 1)2 + g1
2
(I1 − 3) + g22 (I2 − 3), (5)
where g0, g1 and g2 are material properties, I1 and I2 are the first and second deviatoric strain invariants of
the Finger tensor B. The initial shear modulus G and bulk modulus κ are given by:
G = g1 + g2 and κ = g0. (6)
Equation 4 describes a so-called Moony-Rivlin material behaviour; Neo-Hookean material behaviour is a
special case when g2 = 0. For more detailed derivations the reader is referred to [16].
2.3 Contact model
Contact models, which describe the unilateral connection between objects, are frequently studied in litera-
ture. For an overview the reader is referred to [7, 20]. In case of tyre/road contact, the road may be considered
as rigid with respect to the flexible tyre. According to Cauchy, a traction vector t working on the tyre surface
can be defined, which can be split in a normal component tN and tangential component tT :
t = σ · n = tN + tT = tNn+ tT , (7)
where n is the outward unit normal vector. The direction of the traction vector and the decoupling is depicted
in figure 1.
2.3.1 Contact condition
The contact condition is a constraint equation, specifying that the tyre cannot penetrate the road surface.
Hence, a gap function, i.e. the distance between the tyre and the road, g can be defined according to:
g ≥ 0. (8)
where g is the perpendicular distance between a node of the tyre and the contact surface. For nodes in contact
g = 0. Moreover no adhesion is assumed to exist between the two surfaces in contact, i.e. the contact forces
can only be negative:
tN = t · n ≤ 0, on Γ (9)
where tN is the normal component of the traction vector t and n denotes the outward unit normal vector.
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2.3.2 Friction model
When the tyre is in contact with the road, the friction model determines whether the tyre sticks or slips.
Coulomb’s friction law states that the tangential traction is limited by the coefficient of friction times the
normal traction:
|tT | ≤ µ|tN |, on Γ (10)
where µ is the friction coefficient and | · | the length of the vector. Points on Γ that fulfill equation (10),
stick to the surface and point that do not, slip along the surface with |tT | = µ|tN |. For frictionless contact,
µ = 0. Coulomb’s friction model is used in the contact algorithm because of its simplicity and the existence
of analytical solutions, but the contact algorithm is not restricted to this friction model. The static friction
models, like viscous friction and Stribeck friction, or more advanced dynamic models can be applied as well.
3 Numerical implementation
In section 2 the equation of motion has been formulated as a partial differential equation. In this section the
differential equation will be discretized. Additionally constitutive relations and boundary conditions, given
by the contact model, are applied. The contact algorithm is used in an implicit and explicit scheme. Both
schemes will be discussed and the required integration methods will be given.
The interaction between tyre and road surface is inherently non-linear, and has to be solved in the time do-
main. The equation of motion will be solved using the contact model. The finite element method, integration
methods and algorithms are discussed in literature extensively, see e.g. [2, 4, 22].
3.1 Finite element method
In order to solve the problem numerically, the continuous domain is discretized by dividing it in a number
of elements. Following the approach by Galerkin, the weight functions w are chosen equal to the shape
functions N. For solving contact problems it is preferable to use linear shape functions. Substituting the
shape functions into equation 2 leads to a discrete problem:
Mu¨+ fint(u) = fext, (11)
where
M =
∫
Ω
NTρN dΩ, (12)
fint(u) =
∫
Ω
BTσ dΩ, (13)
fext =
∫
Ω
NTb dΩ +
∫
Γ
NTt dΓ, (14)
in which M is mass matrix, fint(u) the internal force vector (also referred to as stress divergence), fext
the external force vector, u the nodal displacement vector, N the shape functions, and B the derivative of
the shape functions. For continuum elements the mass of each element remains constant by virtue of the
conservation of mass. In subsequent sections, the contact forces fcont are part of the external forces working
on the body.
3.2 Implicit scheme
In the implicit scheme, equation 11 is solved iteratively under appropriate initial conditions, where the dis-
cretized contact model serves as a boundary condition. The solver comprises three main steps:
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• The Newmark method is used for single-step time integration.
• The nonlinear equations are linearized using the Newton-Raphson method.
• Gauss-Seidel relaxation is used to fulfill the contact condition and friction model.
The characteristic of the solver is that the contact condition is satisfied during solving without the use of
Lagrange multipliers or penalty functions. An overview of the steps of the implicit solver is given in fig-
ure 2. Before discussing the flowchart, the applied incremental strategy will be introduced briefly. The total
increment in the displacement vector can be written as:
un+1 = un +∆u, (15)
and the iterative increment by:
∆uk+1 = ∆uk + δuk, (16)
where the subscript n refers to the time step and the superscript k the iteration number.
As shown in figure 2 we start with sufficient initial conditions and boundary conditions. In the first step
the algorithm calculates the internal and external forces, fint and fext respectively, according to the initial
configuration.
The Newmark method is used to calculate an update when the time is increased by a time step ∆t. Newmark
integration methods are a family of one-step integration methods, using the current state and the state to be
calculated [2, 22]. An update for the velocity u˙ and acceleration u¨ can be calculated by:
u¨n+1 =
1
β∆t2
(un+1 − un −∆t u˙n)−
(
1
2β
− 1
)
u¨n, (17)
u˙n+1 =
γ
β∆t
(un+1 − un)−
(
γ
β
− 1
)
u˙n −∆t
(
γ
2β
− 1
)
u¨n, (18)
in which usually γ = 12 and β =
1
4 . In case of severe nonlinearities modified average constant acceleration
can be used to introduce numerical damping to the high frequency modes and preserve stability.
In the predictor step the Newton-Raphson method is used to evaluate a linear equivalent of the nonlinear
equation of motion. Equation 3 can be used to get a first order approximation of the internal forces which
uses a tangent stiffness matrix K:
fint n+1 = fint n +Kn∆u. (19)
Substitution of equations 17 and 18 into equation 11 leads to:(
1
β∆t2
M+Kn
)
∆u = fext n+1 − fint n +M
(
1
β∆t
u˙n +
[
1
2β
− 1
]
u¨n
)
. (20)
The nonlinear equation of motion (equation 20) can be solved to get the iterative displacement δuk. Accord-
ing to the Newton-Raphson process the increment is calculated by:
K∗δuk = −rk, (21)
where
K∗ =
1
β∆t2
M+K, (22)
and rk denotes the residual force vector. The iterations are stopped when the norm of r is less than the norm
of fint: ‖r‖
‖fint‖ < εNR, (23)
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where ‖ · ‖ is the Euclidean or L2 norm and εNR is user-defined stop criterion of the Newton-Raphson
iteration. Solving equation 21 is rather straightforward for unconstrained problems where contact is omitted.
Note that in constrained problems r is a function of the external force in the current time step fext n+1.
In the most inner loop, relaxation is used so solve equation 21, where the boundary conditions are taken into
account. For all nodes, it is evaluated if they are in contact or not. The displacement of a node i, which is
out of contact, is updated using:
δuk+1i = (1− ω)δuki +
ω
K∗ii
−ri − i−1∑
j=1
K∗ijδu
k+1
j −
N∑
j=i+1
K∗ijδu
k
j
 , (24)
where N denotes the number of nodes and the parameter ω can be used to improve stability. When ω = 1 the
scheme is equal to Gauss-Seidel relaxation. If ω < 1, the so-called underrelaxation can improve the stability
and, if ω > 1, overrelaxation can be used to speed up on the other hand. The contact condition is evaluated
for the updated displacement un+1. If g < 0, node i is apparently penetrating the surface. The node is put
back on the surface (g = 0) and the external forces are updated. If node i is not in contact (g ≥ 0), the update
may be applied and the process continues for node i+ 1.
For nodes in contact the contact force (fcont = fN + fT ) is calculated and evaluated. If a normal contact
force fN < 0 is found, which would imply that the node is attracted by the surface, the node is released
from contact and the contact force is put to zero (fcont = 0). For the nodes which remain in contact the
tangential forces are evaluated according to Coulomb’s friction model (|fT | ≤ µ|fN |). If necessary, slip can
be applied and the displacement, velocity and acceleration can be updated. The described process continues
until convergence is reached for all nodes. The Euclidean norm of the residual r∗ = r+K∗δu can be used
as stop criterion:
‖r∗‖ < εGS, (25)
where εGS is the stop criterion for the Gauss-Seidel relaxation. For every new time step, the same strategy is
followed until the last time step has been reached (n = nmax). More information about the implicit scheme
and some applications can be found in [5].
3.3 Explicit scheme
In the explicit scheme the contact algorithm is applied in an explicit Newmark scheme (β = 0, γ = 12 ). The
scheme shows similarities with the general contact algorithm, which is implemented in the finite element
package Abaqus/Explicit. Equation 11 can be written as:
u¨ =M−1 (fext − fint(u)) =M−1f . (26)
Applying the time integration formulas, the velocity and displacement can be calculated using constant time
increments ∆t:
u˙n+ 1
2
= u˙n− 1
2
+∆t u¨n (27)
un+1 = un +∆t u˙n+ 1
2
, (28)
where the velocity is lagging by half a time step. The explicit Newmark scheme can easily be recognized as
a central difference scheme. A big advantage is the use of a diagonal mass matrix, by which the calculation
of u¨ is trivial. Since fint(u) and fext are dependent on the displacement, the scheme is not fully explicit. The
explicit central difference scheme is conditionally stable. Hence the time increment ∆t must be chosen less
than a critical time step ∆tcrit:
∆tcrit =
2
ωmax
, (29)
where ωmax denotes the maximum eigenfrequency of the linear system.
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Figure 2: Flowchart of the solver with an implicit scheme.
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An overview of the explicit scheme is given in figure 3. For the first time step, the internal and external
forces and the accelerations are determined. From this information updated values for the displacement and
acceleration can be calculated. The algorithm evaluates which nodes are in contact. For the nodes in contact,
contact forces are applied and displacements, velocities and accelerations are be updated. For all nodes, the
corrector calculates the new internal forces. The contact condition and slip criterion are evaluated and the
accelerations of the new step can be applied. In the energy balance instabilities can be found, which may
occur even when the critical time step requirement is fulfilled [2].
4 Application
In the previous section the numerical implementation of the algorithm in an implicit and explicit scheme
have been discussed. In this section an application is given to show the performance of the solver. In the
examples a rubber ring will be considered. The results are compared to the finite element package Abaqus
and evaluated at the end.
4.1 Introduction to LAT-100
The Laboratory Abrasion and skid Tester 100 (LAT-100) is an apparatus which is able to measure the skid,
traction, and wear resistance of (tread) rubber compounds with a disk which represents a road surface. A
rubber sample is tested in the form of a small solid tyre which is rolling on the rotating disk, where the speed,
slip angle, load and surface of the disk can be changed.
The small LAT-100 tyre can be used to validate the contact algorithm, since the geometry is simple and the
material uniform. An overview of the dimensions and directions are depicted in figure 4. The outer and inner
radius are Rout = 39 mm and Rin = 17 mm, respectively and the width is w = 17.5 mm. The tyre is made
out of tread rubber with density ρ = 1100 kg/m3. It is modelled as a Neo-Hookean hyperelastic material
with shear modulus G = 2.64 MPa and bulk modulus κ = 65.1 MPa. The inside of the tyre is supported by
a rigid rim, which can be controlled by a force F , a rotational velocity around the y-axis θ˙, or a translational
velocity u˙ under slip angle α with respect to the positive x-axis. The finite element mesh consists of 880
linear eight node hex elements. The rotating disk, on which the tyre is rolling, is modelled as a flat rigid
surface.
The results are compared with the finite element package Abaqus. Where possible, the settings are kept
the same. In Abaqus/Standard the interaction between LAT-100 tyre and the rigid surface is modelled as a
hard contact using the (default) penalty method applied to surface-to-surface contact pairs. A basic Coulomb
friction model is used in the tangential direction. In Abaqus/Explicit the general contact algorithm is used to
model the normal contact behaviour.
4.2 Static loading
In the static simulation a compressive force F = 300 N is working on the rim of the LAT-100 tyre. As a
result the rim axle translates 2.2 mm in negative z-direction. For the frictionless case the differences between
the implicit scheme and Abaqus are marginal, and are therefore not given. In figure 5 the contact forces are
shown as calculated with the implicit scheme and Abaqus/Standard, depicted above and below, respectively.
Differences can be found in the shear forces at the edges of the contact zone, in normal direction these
differences however are less pronounced.
4.3 Dynamic rolling
To perform the dynamic rolling simulations the explicit contact algorithm is used, and the results are com-
pared to Abaqus/Explicit.
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Figure 3: Flowchart of the solver with an explicit scheme.
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Figure 4: Dimensions and directions for the LAT-100 test tyre.
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Figure 5: Contact forces on the tyre after static compression on a rigid surface (µ = 1.0) for the implicit
solver (above) and Abaqus/Standard (below).
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Figure 6: Contact forces on the tyre during rolling on a rigid surface (µ = 1.0) for the explicit solver (above)
and Abaqus/Explicit (below). The tyre is rolling in clockwise direction to the right.
4.3.1 Rolling in a straight line
At the start the LAT-100 test tyre is in a deformed shape, as obtained from the implicit scheme.1 In the
dynamic simulation the rim axle is forced to translate with velocity u˙ = 2.59 m/s at height z = −2.2 mm,
and forced to rotate with θ = 70 rad/s. A friction coefficient µ = 1.0 is assumed between the tyre and the
surface. After 0.1 s the contact forces are compared in figure 6. The tyre, which is in a deformed shape, is
rolling in clockwise direction to the right. The main differences can be found in the shear force distribution.
Because the tyre is not rolling free, i.e. there is a nett moment around the rim axle, the shear forces increase
and depend significantly on the followed path. A small change in the boundary conditions results in large
differences in shear forces.
4.3.2 Rolling under a large slip angle
In the second dynamic simulation the rim axle is forced to translate with velocity u˙ = 2.687 m/s at a slip
angle α = 45 deg and height z = −2.2 mm, and forced to rotate with θ = 70 rad/s. A friction coefficient
µ = 0.5 is applied. As a result the tyre deforms extremely while it slips along the surface. The contact zone
shifts towards the side, which is in contact first, as can be seen in figure 7. The results for rolling under a
large slip angle match very well with Abaqus, for both normal and shear forces. Instead of the normal forces,
a view from behind of the deformed tyre is given in figure 7a.
4.4 Evaluation
The contact solver is successfully applied in an implicit and explicit scheme which is able to perform static
and dynamic simulations with rubber material and large deformations and rotations. In normal direction
the results are in good agreement with Abaqus. The main differences between the solver and Abaqus can be
found in the tangential direction. These differences are more pronounced because of the relative coarse mesh.
Since the correct modelling of shear forces is hard, both simulations can best be compared to experimental
results. A main disadvantage of the scheme is the calculation time, which is more than an order higher
than Abaqus. At this moment the simulation of large finite element models is still a challenging task. The
implementation of multigrid techniques can speed up the solver. In the explicit scheme the corrector step,
1In Abaqus/Explicit the LAT-100 test tyre is put in contact during the explicit calculation using a smooth step.
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Figure 7: Deformed shape of the tyre during rolling under a 45 degree slip angle (µ = 0.5). The tyre is
rolling in clockwise direction.
which calculates the internal forces and currently takes most of the work, can be accelerated. Nevertheless,
the solver behaves very robust and can easily adapted by the user. Therefore the algorithm has great potential.
5 Conclusions
A new contact solver has been developed and is successfully applied in an implicit and explicit three-
dimensional finite element scheme. In the solver the contact condition is always satisfied, so there is no
need for contact elements or contact parameters. The finite element model is valid for large translations
and rotations, in which different material models and friction models can be added. A small rubber tyre is
modelled statically and dynamically, and the results are compared with the finite element package Abaqus.
Globally the solver predicts the same deformations as Abaqus. In normal direction the forces agree well,
while there are some differences in the calculated shear forces. At the time of writing the calculation time
of the solvers is still more than an order of magnitude larger than the Abaqus simulations. The examples
however show the working, the robustness and the potential of the algorithm.
Future research can aim at an experimental study on the contact zone with a special focus on the shear
forces. In the LAT-100 experimental test setup the forces can be measured and compared to the simulations.
The simulations on the other hand can be improved by using finer meshes. The solver, which is currently
programmed in MATLAB, can be rewritten in C or Fortran. Moreover multigrid techniques can be used to
speed up the implicit scheme. In the explicit scheme the calculation of the internal forces, which takes up
most of the calculation time, can be accelerated.
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